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1. Introduction
LetMn be the algebra of n×n complexmatrices. For a positive integer k  n, the rank-k-numerical
range of A ∈ Mn is defined as
k(A) = {λ ∈ C : PAP = λP for some rank k orthogonal projection P}.
The rank-k-numerical range is introduced by Choi et al. [5] in connection with the study of quantum
error corrections. Ifk = 1, k(A) = W(A) is knownas thenumerical rangeofAwhich is alsodefinedas
W(A) = {ξ∗Aξ : ξ ∈ Cn, ξ∗ξ = 1}.
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Woerderman [10] proved that k(A) is convex. The k-numerical range k(A) may be empty [9]. The
compression and dilation problems are discussed by several authors (cf. [5,6,8]). Flat portions appear-
ing on the boundary ofk(A) is examined in [3,4], which gives a motivation of the study of the sharp
points on the boundary ofk(A). Fundamental features of the rangek(A) for a normal matrix Awith
sharp points are analyzed in [7]. The simplest shape of k(A) is a regular polygon which may happen
for non-normal matrices. The range k(A) having some circular symmetry is viewed as the second
type of the range k(A) of non-normal matrices A. In this paper, we examine the range k(A) for a
typical one-parameter family of non-normal matrices associated with roulette curves, and determine
the critical value of a parameter for which a sharp point appears on the boundary of k(A).
We consider a roulette curve, one of well known rational curves having circular symmetry, de-
fined by
z(s) = a exp(ims) + exp(−i(m − 1)s), 0  s < 2π (1.1)
m = 2, 3, . . . , with parameter a > 1. In [1], for H > 1, a 2m × 2m matrix T = T(2m,H) = (tij) is
defined as follows:
(i) tm 2m =
√
H4m−2 − 1/Hm−1,
(ii) ti 2m = 0 for i = m,
(iii) t2m j = 0 for every 1  j  2m,
(iv) tij = 0 for 1  i  2m − 2, 1  j  2m − 1, j = i + 1,
(v) t2m−1 j = 0 for 2  j  2m,
(vi) tm−1+k m+k = tm−k m+1−k for k = 1, 2, . . . ,m − 1,
(vii) tk k+1 = t1 2 if 1  k  m− 1 and k is odd, tk k+1 = t2 3 ifm  3, 1  k  m− 1 and k is even,
(viii) t2m−1 1 = Hm ifm is even, while t2m−1 1 = 1/Hm−1 ifm is odd,
(ix) t23 = t2m−1 1 form  3,
(x) t12 = 1/Hm−1 ifm is even, and t12 = Hm ifm is odd.
Next, the (2m) × (2m)matrix associated with the roulette curve (1.1) is defined by
A = (−1)m−1 2H
m−1
H4m−2 − 1T(2m,H), (1.2)
where H = a1/(2m−1). It is shown in [1] that the roulette curve (1.1) is realized as the algebraic curve
FA(1, x, y) = 0 of the form
FA(t, x, y) = det(tIn + x(A + A∗)/2 + y(A − A∗)/(2i)),
and the total number of the flat portions on the boundary of k(A) for k = 1, 2, . . . , n when the
associated form FA(t, x, y) is irreducible and n ≥ 4 is even (see also [2,5]). For the one-parameter
curves (1.1), the convex sets k(A), k = 2, 3, . . . ,m − 1 are regular (2m − 1)-gons if a > 1 is
relatively small. In this paper, we are interested in the relationship between the asymptotic behavior
of the one-parameter curves (1.1) and the change of the shape of k(A) as a → 1+. We examine the
maximum value of a for which k(A) becomes a regular polygon. In the process a → 1+, the change
of the boundary curve of k(A) associated with the roulette curve (1.1) gives an imagination of the
blooming of flowers.
2. Half turning angle
Let {(x(s), y(s)) : 0  s < } be a parametrized smooth plane curve satisfying x(0) = r0 > 0,
y(0) = 0 and y′(s),−x′(s) are positive on 0  s < . We denote by β the angle between the
vector
−→
v = (x′(0), y′(0)) and the vertical vector (0, 1). Using polar coordinates x(s) = r(s) cos θ(s),
y(s) = r(s) sin θ(s), the angle 0 < β < π/2 is characterized as
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tanβ = 1
r(0)
−dr
dθ
= 1
r(0)
−r′(0)
θ ′(0)
.
We extend the curve by x(−s) = x(s), y(−s) = −y(s). Then (r0, 0) is a sharp point of this symmetric
curve and β is the half of the turning angle of the parametrized curve (x(s), y(s)), − < s < , at
(r0, 0).
For the matrix A in (1.2) associated with the roulette curve (1.1), it is known (cf. [1]) that
FA(t,− cos θ,− sin θ) =
2m∏
j=1
(t − λj(θ)),
where λ1(θ)  λ2(θ)  · · ·  λn(θ) are eigenvalues of 	(e−iθA) = (e−iθA + eiθA∗)/2. These
ordered eigenvalues satisfy the relation λm+k(θ) = −λm+1−k(θ + π), k = 1, 2, . . . ,m. Consider
simple closed curves
Dk(A) =
{(− cos θ
λk(θ)
,
− sin θ
λk(θ)
)
: 0  θ  2π
}
,
k = 1, 2, . . . ,m. In [3], the higher rank numerical range k(A) is characterized as
k(A) = {u + iv : ux + vy + 1  0 for (x, y) ∈ Dk(A)}.
The boundary of 1(A) is not a polygon, and the boundary of m(A) has no flat portions. For k =
2, 3, . . . ,m − 1, whether the boundary of k(A) is polygon or non-polygon depending on the para-
meter a. The critical value a = a(m, k) for the higher rank numerical range k(A) is the parameter a
for which the half turning angle β of Dk(A) at a sharp point of Dk(A) is π/(2m − 1). This angle is the
half turning angle of a regular (2m − 1)-gon at a vertex, and is regarded as the blooming of k(A)
associated with the roulette curve.
We provide two roulette curves (1.1) for m = 4 with a = 6 in Fig. 1, and a = 1.5 in Fig. 2. For
m = 3 and k = 1, 2, the simple closed curves Dk(A) are shown in Fig. 3 in case a = 3, and a = 2 in
Fig. 4. In Figs. 3 and 4 vertical bitangents are added, D1(A) the inner pentagon-like curve and D2(A)
is the boundary of the star-like shape. Fig. 3 displays the cherry blossoms before the blooming and
Fig. 4 displays the cherry blossoms after the blooming.
Fig. 1. z(s),m = 4, a = 6.
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Fig. 2. z(s),m = 4, a = 1.5.
Fig. 3. D1(A) and D2(A), a = 3.
Sharp points of the higher rank numerical range of a normal matrix are treated in [7]. We need the
following result for the asymptotic behavior of the roulette curve (1.1).
Proposition 1. Let B ∈ M2m−1 be a diagonal matrix defined by
diag
{
exp
(
i
2jπ
2m − 1
)
: j = 0, 1, 2, . . . , 2m − 2
}
.
Then the half turning angle β of the non-convex polygon Dk(B) at a vertex is β = kπ/(2m − 1), k =
1, 2, . . . ,m − 1.
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Fig. 4. D1(A) and D2(A), a = 2.
Proof. The singular points of the reducible curve FB(1, x, y) = 0 are
Qk,j = cosec
(
kπ
2m − 1
) (
cos
(
2jπ
2m − 1
)
, sin
(
2jπ
2m − 1
) )
,
j = 0, 1, 2, . . . , 2m − 2 for odd k, and
Qk,j = cosec
(
kπ
2m − 1
)(
cos
(
(2j + 1)π
2m − 1
)
, sin
(
(2j + 1)π
2m − 1
))
j = 0, 1, 2, . . . , 2m− 2 for even k. The simply closed curveD1(B) consists of the line segment joining
Q1,j and Q1,j+1. For even k  2m − 2, the simply closed curve Dk(B) consists of the line segment
joining Qk−1,j,Qk,j and the line segment joining Qk,j and Qk,j+1 ( j = 0, 1, . . . , 2m − 2). For odd
3  k  2m − 1, the simply closed curve Dk(B) consists of the line segment joining Qk,j,Qk−1,j and
the line segment joining Qk−1,j,Qk,j+1. The half turning angle β of the non-convex polygon Dk(B) at
a sharp point Qk,j , k = 1, 2, . . . ,m − 1, is therefore kπ/(2m − 1). 
The following result shows that the half turning angle β at a sharp point of the roulette curve is
decreasing as the parameter a is increasing.
Theorem 1. Let A be the matrix defined in (1.2). For any m = 3, 4, 5, . . . and k = 2, 3, . . . ,m − 1,
the half turning angle β of the roulette curve (1.1) at a sharp point of Dk(A) decreases continuously as the
parameter a increases, and there exists a unique a = a0(m, k) such that β = π/(2m − 1).
Proof. We compute and find that
(Arg z)′(s) = 

(
z′(s)
z(s)
)
= m(a
2 − 1) + 1 + a cos((2m − 1)s)
a2 + 1 + 2a cos((2m − 1)s) > 0, (2.1)
for 0  s < 2π . Moreover, Arg(z(0)) = 0 and Arg(z(π/(2m − 1)) = mπ/(2m − 1). We change
variables θ = Arg(z(s)) and z0(θ) = z(s). For k = 2, 3, . . . ,m− 1, we set j = m− k. Suppose a > 1,
we define the unique 0 < s = sj(m, a) < π/(2m − 1) satisfying
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0 < Arg(a exp(ims) + exp(−i(m − 1)s))
= ms − Arg(a + exp(−i(2m − 1)s)) = jπ
2m − 1 <
π
2
.
We prove the assertion by computing tanβ at z(sj(m, a)). By the equation
dr(s)
ds
× 1
r(s)
= −(2m − 1)a sin((2m − 1)s)
a2 + 1 + 2a cos((2m − 1)s) ,
and (2.1), we have
dr(s)
dθ
× 1
r(s)
= −(2m − 1)a sin((2m − 1)s)
m(a2 − 1) + 1 + a cos((2m − 1)s) ≡ Hm(a, s) < 0. (2.2)
The function Hm(a, s) in a, s satisfies
∂
∂a
Hm(a, s) = (2m − 1)(a
2m + m − 1) sin((2m − 1)s)
(m(a2m − 1) + 1 + a cos((2m − 1)s))2 > 0, (2.3)
∂
∂s
Hm(a, s) = −a(2m − 1)
2{a + (a2m − m + 1) cos((2m − 1)s)}
(m(a2 − 1) + 1 + a cos((2m − 1)s))2 < 0, (2.4)
on 0 < s < π/(2m − 1). For a fixed 0 < s < π/(2m − 1), we have the inequality
−π
2
< Arg(a1 + exp(−i(2m − 1)s)) < Arg(a2 + exp(−i(2m − 1)s) < 0
for 1 < a1 < a2. It implies the monotonicity
Arg(a1 exp(ims) + exp(−i(m − 1)s)) < Arg(a2 exp(ims) + exp(−i(m − 1)s)),
1 < a1 < a2, 0 < s < π/(2m − 1), and thus
0 < sj(m, a2) < sj(m, a1), (2.5)
for 1 < a1 < a2. Combining (2.2)–(2.5), we conclude
Hm(a1, sj(m, a1)) < Hm(a2, sj(m, a2)) < 0 (2.6)
for 1 < a1 < a2, that is, the half turning angle of z(s) at sj(m, a)decreases as theparameter a increases.
To claim the second assertion, we examine the asymptotic behavior of the curve z(s) as a → 1+.
We find that
lim
a→1+
Arg(a exp(ims) + exp(−i(m − 1)s)) = ms −
(
m − 1
2
)
s = s
2
for 0  s < π/(2m − 1), and hence sj(m, a) → π/(2m − 1) as a → 1+. Changing variables
a = 1 + a1 and s = (π/(2m − 1)) + s1 = (π/(2m − 1)) + a1s2, the Taylor expansion implies
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1
a − 1 (a exp(ims) + exp(i(m − 1)s))
= exp
(
i
mπ
2m − 1
)
1
a − 1
(
(1 + a1) exp(ims1) − exp(−i(m − 1)s1)
)
= exp
(
i
mπ
2m − 1
)
1
a1
(
(1 + a1) cos(ma1s2) − cos((m − 1)a1s2)
+i(1 + a1) sin(ma1s2) + i sin((m − 1)a1s2)
)
= exp
(
i
mπ
2m − 1
)(
1 + i(2m − 1 + ma1)s2
+i
∞∑
n=2
(−1)n−1m
2n−1a2n−11 + m2n−1a2n−21 + (m − 1)2n−1a2n−21
(2n − 1)! s
2n−1
2
)
.
The affine part of the above function in s2 is given by
exp
(
i
mπ
2m − 1
) (
1 + i(2m − 1 + ma1)s2
)
.
Thus the curve z(s)/(a − 1) converges asymptotically to the reducible curve FB(1, x, y) = 0, in
Proposition 1, near the singular points of the roulette curve as a → 1+. According to this fact, we have
that
lim
a→1+
Hm(a, sm−k(a)) = − tan
(
kπ
2m − 1
)
.
The equality
lim
a→∞ sj(m, a) =
jπ
m(2m − 1)
implies
lim
a→∞
(2m − 1)a sin( jπ
m
)
m(a2 − 1) + 1 + a cos( jπ
m
)
= 0.
Hence
lim
a→1+
Hm(a, sm−k(a)) = − tan
(
kπ
2m − 1
)
< − tan
(
π
2m − 1
)
< lim
a→∞Hm(a, sm−k(a)) = 0. (2.7)
By the monotonicity (2.6), the inequality (2.7) and the continuity of the function Hm(a, sm−k(a))with
respect to a, there exists a unique a = a0(m, k) such that
Hm(a0, sm−k(a0)) = − tan
(
π
2m − 1
)
. 
There is one pair of sharp points ofDk(A)which are symmetric with respect to the real line, and the
angle of two points viewed at the origin is 2π/(2m−1). It means that the line joining these two sharp
points is the limit of vertical bitangent of Dk(A) at non-singular points. The critical value a separates
the two situations displaying in Figs 3 and 4. In the next two sections, we determine the critical values
a0(m, k)whenm = 3 andm = 4 by symbolic and numerical computations.
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3. Cherry blossomm = 3
Cherry blossoms are typical 5-petal flowers blooming throughout Japan in Spring. Let m = 3, the
roulette curve (1.1) is an affine algebraic curve given by
f (x, y) = (a2 − 1)5F(1, x, y) = −a4(x2 + y2)3 + 2a2(x5 − 10x3y2y2 + 5xy4)
+(a2 − 1)(3a4 + a2 + 1)(x2 + y2)2 − (a2 − 1)3(3a2 + 2)(x2 + y2)
+(a2 − 1)5 = 0.
Fixed a > 1,we consider a family of vertical bitangents of f (x, y) = 0 at non-singular points or vertical
lines passing through the singular points of f (x, y) = 0. The y-coordinates of the singular points of
f (x, y) = 0 and the y-axis of the bitangents satisfy the common equation which can be obtained by
taking the Sylvester resultant of f (x, y) and ∂
∂y
f (x, y)with respect to x. The resultant is given by
64a12y6g1(y, a) g2(y, a)
2,
where
g1(y, a) = 11664a4y4 − 48600a4y2 + 1600y2 + 50625a4 − 10000a2, (3.1)
g2(y, a) = 256a8y8 − 640a10y6 + 960a8y6 − 320a4y6
+560a12y4 − 1920a10y4 + 2160a8y4 − 640a6y4 − 240a4y4 + 80y4
−200a14a10y2 + 1100a12y2 − 2400a10y2 + 2500a8y2 − 1000a6y2
−300a4y2 + 400a2y2 − 100y2 + 25a16 − 200a14 + 700a12 − 1400a10
+1750a8 − 1400a6 + 700a4 − 200a2 + 25. (3.2)
The equation g1(y, a) = 0 corresponds to two bitangents at non-singular points, and the equation
g2(y, a) = 0 corresponds to 8 singular points with non-zero y-coordinates. For the critical value
a = a0(3, 2), two polynomials (3.1) and (3.2) have a common root in y. These are polynomials in y2
and a. We take the resultant of g1(y, a) and g2(y, a)with respect to y
2, the resultant is
h(a) = a8 (3a + 2)2(3a + 2)2 h1(a) h2(a),
where
h1(a) = 81a8 − 504a6 − 224a4 + 11a2 + 11.
h2(a) = 43046721a28 − 1817528220a26 + 31812058260a24 − 300376062855a22
+1664144669925a20 − 5481288297252a18 + 10248428309895a16
−9330629873310a14 + 2032414557655a12 + 1484544249775a10
−642073314219a8 − 14744954475a6 + 35057789475a4
−4586129000a2 + 155462000.
Numerical approximations of positive roots of h1(a) = 0 are 0.449946 and 2.57593,while numerical
approximationsofpositive rootsofh2(a) = 0are0.2376226, 0.3737390.459152, 0.581948, 0.751988,
1.58399, 1.83012, 2.168827, 2.21253, 2.43076, 3.01054 and 3.3327.
On the other hand, Fig. 4 shows that 2 < a0(3, 2), and Fig. 3 shows that a0(3, 2) < 3. There
remains 4 possibilities 2.168827, 2.21253, 2.43076 and 2.57593 for the value a0(3, 2). By performing a
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comparison of the roots g1(y, a) = 0 and g2(y, a) = 0 in y for a = 2.5, we conclude in the following
that a0(3.2) is the root of h1(a) = 0 approximated by 2.57593.
Theorem 2. Let A be the 6× 6matrix associated with the roulette curve (1.1) for m = 3. Then the critical
value
a0 =
(
28 + 15√5 + 5
√
67 + 30√5
)1/2
3
√
2
is the maximum positive solution of an octic equation 81a8 − 504a6 − 224a4 + 11a2 + 11 = 0. The
numerical value a0 is approximately 2.57593.The boundary of 2(A) is a regular pentagon if and only if
1 < a  a0.
4. Trientalis europaeam = 4
Trientalis europaea is a rare plant with 7 petals flower. Using the method in Section 3, we will
determine a critical value for the blooming of Trentalis europaea in terms of the sharp points ofk(A)
for different k. The roulette curve (1.1) form = 4 is an affine algebraic curve given by
k(x, y) = (a2 − 1)7F(1, x, y) = a6(x2 + y2)4 − 2a3(x7 − 21x5y2 + 35x3y4 − 7xy6)
−(a2 − 1)(4a6 + a4 + a2 + 1)(x2 + y2)3 + (a2 − 1)3(6a4 + 5a2 + 3)(x2 + y2)2
−(a2 − 1)5(4a2 + 3)(x2 + y2) + (a2 − 1)7 = 0.
We take the resultant of k(x, y) and its partial derivative ∂
∂y
k(x, y) with respect to x. The resultant is
given by
a24y8 u1(y, a)u2(y, a)
2,
where
u1(y, a) = 4194304a6y6 − 25690112a6y4 + 571536y4 + 49172480a6y2
−4667544a2y2 − 30118144a6 + 9529569a4,
u2(y, a) = 262144a18y18 − 1376256a20y16 + (remaining terms of order < 34).
The equation u1(y, a) = 0 in y corresponds to the 3 vertical bitangent of the curve k(x, y) = 0 for
a = 3.53, and the equation u2(y, a) = 0 corresponds to the 18 singular points of k(x, y) = 0 with
non-zero y-coordinates. For the critical values a0(4, 2) and a0(4, 3), the equations u1(y, a) = 0 and
u2(y, a) = 0 have a common root in y. Again, we take the resultant v(a) of the two polynomials
u1(y, a) and u2(y, a) in y
2. The resultant v(a) is given by
v(a) = a18(4a + 3)3 (4a − 3)3 v1(a) v2(a),
where
v1(a) = 16777216a24 − 450887680a22 + 3380412416a20 − 3845242880a18
−8699191552a16 − 4764518368a14 − 542275853a12 + 704784086a10
+351920315a8 + 33213443a6 − 20015748a4 − 6538887a2 + 276291 = 0. (4.1)
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and
v2(a) = c a114 + (remaining terms of order ≤ 112),
c = 324518553658426726783156020576256. By comparisons of the roots u1(y, a) = 0, u2(y, a) = 0
in y for a = 3.5 and a = 3.7, we have that 3.5 < a0(3, 2) < 3.7 and 3.5 < a0(3, 3) < 3.7. The
polynomial v2(a) has many positive roots, but it has no roots in the interval 3.5 < a < 3.7. Hence the
critical values a0(4, 2), a0(4, 3) are roots of the polynomial v1(a). Approximate positive solutions of
v1(a) = 0 are given by 0.563559, 0.569785, 1.82745, 3.50798 and 3.53538.
A sharp point z2 of D2(A) with Arg(z2) = 6π/7 for a = 353/100 satisfies 
(z2) = 1.38099. The
tangent point z˜2 of the vertical bi-tangent of the curve k(x, y) near the point z2 satisfies
(z˜2) = 1.38378 > 
(z2), and hence a0(4, 2) > 3.53. Similarly, a sharp point z3 of D3(A) with
Arg(z3) = π/7 for a = 353/100 satisfies 
(z3) = 1.73814. The tangent point z˜3 of the vertical
bi-tangent of the curve k(x, y) near the point z3 satisfies 
(z˜3) = 1.72806 < 
(z3), and hence
a0(4.3) < 3.53. Fig. 5 displays the curve k(x, y) = 0. Figs. 6 and 7 display the curve k(x, y) = 0
and their vertical tangent in respective neighborhoods of z2 and z3, more precisely in a rectangle
Fig. 5. k(x, y) = 0 for a = 3.53.
Fig. 6. k(x, y) = 0 near z2.
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Fig. 7. k(x, y) = 0 near z3.
−2.867665 < x < −2.86765, 1.375 < y < 1.389 and a rectangle 3.60926 < x < 3.60935, 1.72 <
y < 1.74. We obtain the following theorem.
Theorem 3. Let A be the 8 × 8 matrix associated with the roulette curve (1.1) for m = 4. Then the
critical values a0(4, 2) and a0(4, 3) are respectively the greatest and second greatest positive roots of
the polynomial v1(a) in (4.1) of degree 24. The approximate values of these critical values are given by
a0(4, 2) = 3.53538 and a0(4, 3) = 3.50798. The boundary of2(A) (resp.3(A)) is a regular septagon
if and only if 1 < a  a0(4, 2) (resp. 1 < a  a0(4, 3)).
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